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Dynamics of non-linear difference equation is a contemporary area of mathematical research. Very little is known so far about these equations in the complex domain. They demonstrate rich and complicated dynamics. In this paper, we investigate the behavior of the solution sequences of a second-order rational difference equation. We assume the parameters to be complex valued and the initial values to be arbitrary complex numbers such that the equation exists. We have attempted to capture some of the interesting features of this equation both by theoretical analysis and by computations. Further, we have compared the dynamics in the complex domain with that of positive real domain which was studied earlier.
Based on many computer observations and fundamental analysis we have also posed several open problems and conjectures. This paper is one of the preliminary attempts to study the dynamics of such rational systems in the complex domain.
Introduction and preliminaries
Consider the difference equation where the parameters , and A are complex numbers, and the initial conditions z −1 and z 0 are arbitrary complex numbers. Since we are interested in studying a non-linear equation in the complex domain, without loss of generality we have assumed the coefficient of the z n−1 term in the denominator to be one.
When the parameters and initial conditions are non-negative real numbers, Equation (1) was investigated in Kulenović and Ladas (2001) and Kocic and Ladas (1993) where the global asymptotic stability of the positive equilibrium was proved for certain ranges of the parameters (see Chatterjee, 2013 for more general results).
The set of initial conditions z −1 , z 0 ∈ ℂ for which the solution of Equation (1) is well defined for all n ≥ 0 is called the good set of initial conditions or the domain of definition. It is the compliment of the forbidden set of Equation (1) for which the solution is not well defined for some n ≥ 0. See Grove, Kostrov, and Schultz (2009) for the definition and further work on obtaining the forbidden set for the first-order Riccati difference equation. However, for the second-and higher order rational difference equations, the lack of an explicit form for the solutions, makes it very challenging to obtain the good set. For Equation (1), we pose the following open problem of paramount importance and difficulty.
Open Problem 1.1 Determine the good set of initial conditions for Equation (1).
Our goal is to investigate the character of the solutions of Equation (1) when the parameters are real or complex and the initial conditions are arbitrary complex numbers in the domain of definition. For the rest of the sequel we assume that the initial conditions are from the good set.
To avoid degenerate cases, we assume | | + | | ≠ 0. For the remainder of this paper, we also assume A ≠ 0. Then, with a change of variables p = We now present some preliminary material which will be useful in our investigation of Equation (2). We say that ȳ is an equilibrium point of Equation (3) if We now impose the further restriction that the function f (u 0 , u 1 , … , u  ) be continuously differentiable.
(1)
The linearized equation of Equation (3) about the equilibrium ȳ is the linear difference equation
The characteristic equation of Equation (4) is the equation
The following result, called the Linearized Stability Theorem, is useful in determining the local stability character of the equilibrium ȳ of Equation (3).
Theorem A (The Linearized Stability Theorem) The following statements are true:
(1) If every root of Equation (5) has modulus less than one, then the equilibrium ȳ of Equation (3) is locally asymptotically stable.
(2) If at least one of the roots of Equation (5) has modulus greater than one, then the equilibrium ȳ of Equation (3) is unstable.
The equilibrium solution ȳ of Equation (3) is called hyperbolic if no root of Equation (5) has modulus equal to one. If there exists a root of Equation (5) with modulus equal to one, then ȳ is called
non-hyperbolic.
The equilibrium point ȳ of Equation (3) is called a sink if every root of Equation (5) has modulus greater than one.
The equilibrium point ȳ of Equation (3) is called a saddle point equilibrium if it is hyperbolic, and if in addition, there exists a root of Equation (5) with modulus less than one and another root of Equation (5) with modulus greater than one. In particular, if ȳ is a saddle point equilibrium of Equation (3), then ȳ is unstable.
The equilibrium point ȳ of Equation (3) is called a repeller if every root of Equation (5) has absolute value less than one.
The following theorem is useful in determining when all roots of a polynomial equation of degree two have modulus less than one. It will provide necessary and sufficient conditions for local asymptotic stability of the equilibria.
Theorem B A necessary and sufficient condition that all roots of the quadratic equation with real coefficients
lie in the open disk | | < 1 is
Local stability of the equilibrium
In this section, we investigate the local stability character of the equilibria of Equation (2). Here, we assume p and q to be non-negative real numbers. When the parameters are complex, the analysis is beyond the scope of this article and we leave it as an open problem.
The equilibrium points of Equation (2) are the solutions of the equation
Equation (2) has two equilibria points
The linearized equation of Equation (2) with respect to the equilibrium z 1 is with associated characteristic equation
The following lemma gives the local asymptotic stability of the equilibrium z 1 .
of Equation (2) . Thus, the above condition is satisfied for all values of the positive real parameters p and q. The proof is complete. □
The linearized equation of Equation (2) with respect to the equilibrium z 2 is with associated characteristic equation
The following lemma gives the necessary and sufficient condition for the local asymptotic stability of the equilibrium z 2 . We assume p and q such that z 2 ≠ −1 for the existence of linearized equation.
Lemma 2.2 The equilibrium z
of Equation (2) is locally asymptotically stable if and only if 3q 2 + 2q − 4p − 1 < 0.
Proof From Theorem B, we obtain the necessary and sufficient condition for all roots of the characteristic equation to lie within the open unit disk to bē
2 .
Note that z 2 is non-positive and also z 2 < q−1 2
. The second half of the inequality is satisfied for all p and q. Thus, it is enough to show
. This simplifies to the condition Substituting the value of z 2 we obtain the necessary and sufficient condition to be The proof is complete. □ Open Problem 2.1 When the parameters p and q are complex, find the necessary and sufficient conditions for the local asymptotic stability of the equilibrium when it exists.
Periodicities of solutions
In this section, we discuss the global periodicity and the existence of solutions that converge to periodic solutions of Equation (2).
A difference equation is said to be globally periodic of period t if x n+t = x n for any given initial condition. The characterization of periodic rational difference equations (either with real or complex coefficients) of order k is a challenging area of current research. See Camouzis and Ladas (2008) and Kulenović and Ladas (2001) for several periodicity results of second-and third-order rational difference equations, respectively, with non-negative real coefficients and arbitrary non-negative real initial conditions.
The following result gives the necessary conditions for global periodicity of Equation (2). The proof is a direct consequence of Theorem 1 in Rubió-Massegú and Mañosa (2007) and thus we omit it.
Theorem 3.1 If Equation (2) is globally periodic of period p then p ≠ q. Moreover setting
where It must be satisfied that 0 < | | < 1 (or | | = 1 and Im( )≥ 0), and it must hold one of the following four cases:
(1) a = 1, ≠ 1, p is even and . In this case, the equation is a globally periodic of period 5, and affine conjugated with the Lyness-type equation.
are p-roots of the unity.
Apart from globally periodic equations, rational difference equation also exhibits the existence of periodic solutions and solutions that eventually converge to a periodic solution. See Camouzis and Ladas (2008) for many such examples of second-and third-order rational difference equations with non-negative real parameters and initial conditions. Further in the complex domain, these equations are even more richer in periodic solutions. Equation (2) has exhibited the existence of periodic solutions and convergence to periodic solutions of numerous possible periods. Some of the many periodicities observed computationally are reported in Table 1 with some of the time series plots shown in Figure 1 . Note that, in all the tables the parameters and initial conditions are represented as (a, b) where a is the real part and b is the imaginary part of the complex numbers. Also note that, in all the figures henceforth the green plot designates real part, while the blue plot designates the imaginary part of the orbit. It is interesting to note that Equation (2) with positive parameters and initial conditions has been long conjectured to have the equilibrium globally asymptotically stable for all values of parameters (see Kulenović & Ladas, 2001) . Thus, in this case Equation (2) does not possess any periodic solutions.
Some special cases of the parameters
In this section, we observe the behavior of the solutions of Equation (2) when we consider first the two parameters p and q to be both real, in order to gain some understanding in the simplest model. Then, we consider one parameter to be real, while the other to be complex. We will generalize the result with means of computational outputs.
We first establish the local stability character of the equilibria of Equation (2) for the simplified case when the parameter p is any positive real number and q = 1.
The equilibrium points of Equation (2) reduce to
The linearized equation of Equation (2) with respect to the equilibrium z 1 = √ p is with associated characteristic equation
The following lemma is a direct consequence of Theorem B and hence we omit the proof.
Lemma 4.1 The equilibrium z 1 = √ p of Equation (2) is locally asymptotically stable.
The linearized equation of Equation (2) with respect to the other equilibrium z 1 = − √ p is with associated characteristic equation
Note that for existence of solutions in this case p ≠ 1. The following lemma is a direct consequence of Theorem B and so the proof is omitted.
Lemma 4.2 The equilibrium z 2 = − √ p of Equation (2) is locally asymptotically stable for p > 1 and unstable saddle if p < 1.
Computationally, it is seen that for all real parameter p and q = 1, the solutions of Equation (2) are convergent and converge to a neighborhood Nbd(q, ) of q, as illustrated in Table 2 for few examples. Note that in all the tables henceforth by convergent point we mean the computational approximation, which is certainly very close to the actual convergence point of the solution sequence.
have observed "chaos", boundedness holds. This is in agreement with the case of positive real parameters and initial conditions where the boundedness criterion was demonstrated (see Kulenović & Ladas, 2001 ). However, the proof in the real case does not generalize to the complex case. Hence we pose the following conjecture on boundedness which is of significant importance.
Conjecture 5.1 Every solution of Equation (2) is bounded.
One of the important goals in the study of non-linear difference equation is to obtain the bounds on the parameters for which the equilibrium will be a global attractor. Although we conjecture that all solutions of Equation (2) are bounded, obtaining the parametric region for global asymptotic stability is still a significant challenge. Hence we pose the following open problem of paramount importance.
Open Problem 5.1 Obtain necessary and sufficient conditions in terms of the parameters p and q of Equation (2) for which the solutions will be globally asymptotically stable.
One of our main goals is to compare how the dynamics of Equation (2) changes as we shift from the positive real domain to the complex domain. Although the theoretical analysis is extremely challenging, we have done extensive computations to gain some understanding. Based on these numerous simulations, we now report some observations that are essentially unique features of Equation (2) in the complex domain that were not present in the positive real domain.
Conclusion
Non-linear difference equation in both real and complex domain is an established dynamic area of research. However, the study of rational difference equations is still in its infancy. The first-order Riccati difference equation, for which the solution could be obtained explicitly, has been studied both in the real and complex domains (see Grove, Kostrov, & Schultz, 2009; Kulenović & Ladas, 2001) . Second-and third-order rational difference equations with positive real parameters and initial 
